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ON DEFORMATIONS OF AFFINE GORENSTEIN TORIC VARIETIES
MATEJ FILIP
ABSTRACT. We consider an affine Gorenstein toric variety XP given by a lattice polytope P . For the
Gorenstein lattice degree R∗ we construct a miniversal deformation of XP in all degrees −kR
∗, k ∈ N
together. The components of the reduced miniversal deformation correspond to maximal Minkowski
decompositions of P .
1. INTRODUCTION
The deformation theory of toric varieties is lately an active research area, see [7], [8], [9], [5], [6],
[13], [14]. One of the main motivations comes from the classification problem of smooth Fano varieties,
cf. [8]. It is expected that low dimensional smooth Fano varieties can be degenerated to (singular) toric
Fano varieties.
We study the miniversal deformation of an affine Gorenstein toric variety X, which is given by a
rational polyhedral cone σ ⊂ N˜R, where N˜ is a finite dimensional lattice. The Gorenstein assumption
means that there is a Gorenstein degree R∗ ∈ M˜ := Hom(N˜ ,Z) such that the integral generators of σ
lie on an affine hyperplane [R∗ = 1] and thus [R∗ = 1] ∩ σ is a lattice polytope that we denote by P .
Altmann [1] studied the case whenX has an isolated singularity. He described a miniversal deforma-
tion and established the correspondence between the components of the reduced miniversal deformation
and the maximal Minkowski decompositions of P in the isolated case.
Let A = C[σ∨ ∩ M˜ ] and thus X = SpecA. The A-modules T 1X := Ext
1
A(ΩA|k, A) and T
2
X :=
Ext2A(ΩA|k, A) are the tangent and the obstruction space for the deformation functor of A. The torus
action induces the grading of T iX for i = 1, 2. The degree R ∈ M˜ part of T
i
X we denote by T
i
X(R).
The most interesting degree from deformation theory point of view is the degree −R∗: if X has only
an isolated singularity, then T 1X(−R
∗) = T 1X , see [1]. In general T
1
X is spread over infinitely many
degrees, cf. [2].
In this paper we consider the tangent space ⊕k∈NT
1
X(−kR
∗) ⊂ T 1X and construct a maximal de-
formation of X with the prescribed tangent space ⊕k∈NT
1
X(−kR
∗). More precisely, we construct a
miniversal deformation in degrees −kR∗ for k ∈ N, see Definition 3.1. Besides [1] there were also the
papers [4] and [6] where a miniversal deformation of an affine toric variety in a single primitive lattice
degree was constructed under some assumptions. For an affine Gorenstein toric variety X all three
papers can only describe the miniversal deformation in the degree −R∗ under additional assumption
that X is smooth in codimension 2. Geometrically the smooth in codimension 2 assumption for affine
Gorenstein toric varieties means that every edge of P has lattice length 1.
The idea of how to find a miniversal deformation in the degree −R∗ without any additional assump-
tions is new. Moreover, we will show that it is more natural to consider all the degrees −kR∗, k ∈ N
together. Note that if X is smooth in codimension 2, then ⊕k≥2T
1
X(−kR
∗) = 0. In the present pa-
per we also show that the components of the reduced miniversal deformation correspond to maximal
1
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Minkowski decompositions of P . This was shown in [1] under additional assumption that all edges of
P have lattice length 1. In the general case we need to consider all degrees −kR∗, k ∈ N to obtain this
correspondence.
The above correspondence provides a useful information for the problem of finding all the possible
smoothings of Gorenstein Fano toric varieties (see also [9]). Note that by the comparison theorem of
Kleppe [12] it is enough to understand deformations of affine Gorenstein toric varieties.
The paper is organized as follows: in Section 2 we recall some results from [6] that we also need
in this paper. We present them in a slightly different way and provide the important proofs that we
need later. The first main section is Section 3, where in the diagram (15) we explain the main idea
how to construct the deformation family in all degrees −kR∗ together. The next two main sections are
Section 4 and Section 6 where we show that the Kodaira-Spencer map of this deformation family is
bijective and that the obstruction map is injective, respectively. The computations are different from
the ones appearing in [1], [4] and [6] since we are considering all degrees −kR∗ at the same time. We
conclude the paper by showing that the components of the reduced miniversal deformation correspond
to maximal Minkowski decompositions of P in Section 7.
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2. FREE PAIRS
2.1. The setup. We fix C to be an algebraically closed field of characteristic 0. Let P be a lattice
polytope with vertices v1, ..., vp in N , where N is a lattice. Putting P on height 1 gives us a rational,
polyhedral cone
σ = 〈a1, ..., ap〉 ⊂ (N ⊕ Z)⊗Z R
with ai = (vi, 1), i = 1, ..., p. Let M denote the dual lattice of N and let us consider the monoid
S = σ∨ ∩ (M ⊕ Z), where σ∨ := {r ∈ (M ⊕ Z) ⊗Z R | 〈σ, r〉 ≥ 0}. Every affine Gorenstein toric
variety is isomorphic to X := XP := SpecC[S] for some lattice polytope P . Using the notation from
Introduction, we have M˜ = M ⊕ Z and N˜ = N ⊕ Z. Without loss of generality we assume that the
vertex v1 of P is equal to 0 ∈ N .
Let d1, d2, ..., dn be the edges of P . The lattice length ℓ(di) ∈ N of an edge di we also denote by
li ∈ N for i = 1, ..., n. Every edge d
i connecting two vertices vj and vk we equip with an orientation
and present it as a vector di = dj,k = vj − vk ∈ N .
2.2. Geometric interpretation of T 1X(−kR
∗). We choose an orientation for every 2-face ǫ of P : let
δǫ(d
i) ∈ {0, 1,−1} with the property that δǫ(d
i) = 0 if di 6∈ ǫ and δǫ(d
i) ∈ {−1, 1} if di ∈ ǫ and
moreover we require
∑
di∈ǫ δǫ(d
i) · di = 0. We set s1 = 0 and for k ∈ N we define Vk(P ) to be the
following vector space:
(1) {(t1k, ..., tnk, sk) ∈ R
n+1 |
∑
di∈ǫ
δǫ(d
i)tikd
i = 0 for every 2-face ǫ in P, tik = sk if li ≤ k − 1}.
Proposition 2.1.
T 1(−kR∗) = Vk(P )⊗R Cupslope(1).
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Proof. See [2, Theorem 2.5]. 
The most important vector space is V1(P ) which we also denote by T (P ) and use the following
coordinates: ti := ti1 for i = 1, ..., n. Thus
T (P ) = {(t1, ..., tn) ∈ R
n |
∑
di∈ǫ
δǫ(d
i)tid
i = 0 for every 2-face ǫ in P}.
2.3. The monoid T˜ .
Definition 2.2. We define the lattice TZ(P ) ⊂ T (P ) by
(t1, ..., tn) ∈ TZ(P ) :⇐⇒ tid
i ∈ N for each i = 1, ..., n.
Moreover, let us define the semigroup
T˜ := SpanN{ℓ(d
1)t1, ..., ℓ(d
n)tn} ⊂ T
∗
Z (P ),
where T ∗Z (P ) is the dual lattice of TZ(P ).
For c ∈MR we choose a vertex v(c) of P where 〈c, ·〉 becomes minimal.
Definition 2.3. η(c) := −minv∈P 〈v, c〉 = −〈v(c), c〉 ∈ Z.
The Hilbert basis of S = σ∨ ∩ (M ⊕ Z) is equal to
(2) E :=
{
s1 = (c1, η(c1)), . . . , sr = (cr, η(cr)), R
∗ = (0, 1)
}
,
with uniquely determined elements ci ∈M .
Let c ∈M and let us choose a path v1 = 0, v2, . . . , vk = v(c) along the edges of P .
Definition 2.4. For every c ∈M we define
η˜(c) :=
k−1∑
j=1
〈vj − vj+1, c〉 · tj,j+1 ∈ T
∗
Z (P ),
where T ∗Z (P ) is the dual lattice of TZ(P ).
Moreover, for k = (k1, ..., kr) ∈ N
r we define
η(k) := η(k1c1) + η(k2c2) + · · ·+ η(krcr)− η(k1c1 + k2c2 + · · ·+ krcr) ∈ Z,
η˜(k) := η˜(k1c1) + η˜(k2c2) + · · ·+ η˜(krcr)− η˜(k1c1 + k2c2 + · · ·+ krcr) ∈ T
∗
Z (P ).
To every path between two vertices of P we associate a vector µ with n components which have
values −1 or 0 or 1. The number 0 on the i-th component means that the edge di was not stridden,
the number 1 (resp. −1) means that the edge was stridden with the same (resp. opposite) direction
compared to the already fixed orientation of di.
Definition 2.5. For a vertex v of P and c ∈M we define the following paths through the 1-skeleton of
P :
• λ(v) = (λ1(v), ..., λn(v)) := a path from 0 ∈ P to v ∈ P.
• µc(v) = (µc1(v), ..., µ
c
n(v)) := a path from v ∈ P to v(c) ∈ P such that µ
c
i(v)〈d
i, c〉 ≤ 0 for
each edge di of P .
We define the path λc(v) := λ(v) + µc(v), which is a path from 0 ∈ P to v(c) (that depends on v).
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Remark 2.6. If µ is a closed path, then
∑n
j=1 µjd
j = 0. Moreover, every closed path µ we can obtain
by picking m 2-faces ǫi, i = 1, ...,m and choosing an orientation ǫi for each ǫi such that µ =
∑m
i=1 ǫi.
Lemma 2.7. It holds that η˜(k) ∈ T˜ .
Proof. Let c := k1c1 + · · · + krcr. We pick the path λ
cj(v(c)) from 0 ∈ P to v(cj) ∈ P and we pick
the path λ(v(c)) from 0 ∈ P to v(c) ∈ P . Now we compute
(3)
η˜(k) =
n∑
i=1
(
−
r∑
j=1
(
kjλ
cj
i (v(c))〈d
i, cj〉
)
+ λi(v(c))〈d
i, c〉
)
ti =
n∑
i=1
(
−
r∑
j=1
kjµ
cj
i (v(c))〈d
i, cj〉
)
ti.
The coefficients before ti are either zero or positive multiples of ℓ(d
i), which proves the claim. 
2.4. The monoid S˜. Let us define the monoid
S˜ := T˜ + SpanN{(c, η˜(c)) | c ∈M} ⊂M ⊕ T
∗
Z (P ),
where the above sum is considered in the natural way: if t˜ ∈ T˜ ⊂ T ∗Z (P ) and (c, η˜(c)) ∈M ⊕ T
∗
Z (P ),
then t˜+ (c, η˜(c)) := (c, t˜+ η˜(c)) ∈M ⊕ T ∗Z (P ).
Definition 2.8. We define the degree map deg : T ∗Z (P ) ⊗Z R→ N, which maps all ti to 1. Moreover,
let us define the map π := (id,deg) : M ⊕ T ∗Z (P )→M ⊕ Z.
In particular, for c ∈M we see that
(4) deg(η˜(c)) =
k−1∑
j=1
〈vj − vj+1, c〉 = −〈v(c), c〉 = η(c),
where we used that v1 = 0 and vk = v(c) as in Definition 2.4. Thus π(c, η˜(c)) = (c, η(c)) which
implies that π maps the monoid S˜ to S and the monoid T˜ to T := N.
Recall that we denote the lattice length ℓ(di) of the edges di by li.
Lemma 2.9. The generators of S˜ are
s˜1 = (c1, η˜(c1)), ..., s˜r = (cr, η˜(cr)), t˜1 = l1t1, ..., t˜n = lntn.
Proof. We only need to prove that every (c, η˜(c)) can be written as a sum of s˜1,...,s˜r. First we observe
the following:
(5) η(k) = 0 =⇒ η˜(k) = 0.
Indeed, from the proof of Lemma 2.7 we see that the coefficients of η˜(k) in front of ti are non-negative
and their sum is equal to η(k), which is zero by our assumption and thus η˜(k) = 0.
By (2) we know that there exist ai ∈ N such that (c, η(c)) =
∑r
i=1 ai(ci, η(ci)). From this by (5) it
follows that (c, η˜(c)) =
∑r
i=1 ai(ci, η˜(ci)) and thus we conclude the proof. 
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2.5. Free pairs. Let us recall the following definition that already appear in [5] and [6].
Definition 2.10. Let S1 ⊂ S2 be two sharp monoids, i.e. commutative semigroups with identity satis-
fying S2 ∩ (−S2) = {0}. The boundary of S2 relative to S1 is defined as
∂S1S2 = {s ∈ S2 : (s− S1) ∩ S2 = {s}}.
We say that S1 ⊂ S2 form a free pair (S1, S2) if the addition map a : (∂S1S2)× S1 → S2 is bijective.
We write a unique decomposition of every element s ∈ S2 as
s = ∂(s) + λ(s) with ∂(s) ∈ ∂S1S2 and λ(s) ∈ S1.
Proposition 2.11. (T, S) and (T˜ , S˜) are free pairs.
Proof. This was already proven in [6], in our setting the proof is much easier so let us sketch it. Every
element of s˜ ∈ S˜ can be written as s˜ =
∑r
i=1 kis˜i, where s˜i = (ci, η˜(ci)) as in Lemma 2.9 and
k = (k1, ..., kr) ∈ N
r. We write c :=
∑r
i=1 kici. It can be easily checked that there exists a unique
decomposition:
s˜ =
r∑
i=1
kis˜i = (0,
r∑
i=1
kiη˜(ci)− η˜(c)) + (c, η˜(c))
with
(6) ∂˜(k) := (c, η˜(c)) ∈ ∂
T˜
S˜ and λ˜(k) := (0,
r∑
i=1
kiη˜(ci)− η˜(c)) = (0, η˜(k)) ∈ T˜ .
Applying the map π we get that the unique decomposition of s := π(s˜) = λ(k) + ∂(k) ∈ S, with
λ(k) := η(k) ∈ ∂TS and ∂(k) := (c, η(c)) ∈ T = N. 
Corollary 2.12. We can write
(7) λ˜(k) =
n∑
i=1
λ˜i(k)ti,
where λ˜i(k) := η˜i(k) := −
∑r
j=1 kjµ
j
i (v(c))〈d
i, cj〉 ∈ N, see (3). Thus
(8) λ(k) = π(λ˜(k)) =
n∑
i=1
λ˜i(k).
2.6. Lifting syzygies. Recall the Hilbert basis {R∗, s1, ..., sr} of S from (2). Let us consider the
surjection
(9) ϕ : C[t, x1, ..., xr]→ C[S], t 7→ x
R∗ , xi 7→ x
si .
We fix a representation of ∂(k), i.e. let ∂(k) =
∑r
j=1 bjsj and write
x
k =
r∏
j=1
x
kj
j , x
∂(k) :=
r∏
j=1
x
bj
j .
Lemma 2.13. The binomials fk(x, t) := x
k − x∂(k) tλ(k) ∈ C[t, x1, ..., xr] generate
IX = ker(ϕ : C[t, x1, ..., xr ]→ C[S]).
6 MATEJ FILIP
Proof. See [6, Section 5]. 
Similarly, we consider the surjection
(10) ϕ˜ : C[u1, ..., un, x1, ..., xr]→ C[S˜], ui 7→ x
t˜i , xj 7→ x
s˜j .
As above we can for k = (k1, ..., kr) ∈ N
r define the binomial
(11) Fk(x,u) := x
k − x∂˜(k) uλ˜(k) ∈ C[u1, ..., un, x1, ..., xr ].
Lemma 2.14. The binomials Fk are liftings of fk under the map π and they generate the ideal ker(ϕ˜).
Proof. We see that π(λ˜(k)) = λ(k) and π(∂˜(k)) = ∂(k) from which it follows that Fk are liftings
of fk under the map π defined in Definition 2.8. For the second part of the statement see [6, Section
5]. 
From the proof of Proposition 2.11 we can also easily check that ∂
T˜
S˜ = {(c, η˜(c)) | c ∈ M} and
∂TS = {(c, η(c)) | c ∈ M}, from which it follows that π induces an isomorphism ∂T˜ S˜
∼= ∂TS. Thus
we will from now on simply write ∂(k) instead of ∂˜(k).
3. CONSTRUCTION OF THE DEFORMATION DIAGRAM
Definition 3.1. A deformation of X is a flat family of schemes f : X → S with 0 ∈ S such that
f−1(0) = X. We say that a deformation f : X → S of X is miniversal in degrees −nR∗ for n ∈ N if
(1) The Kodaira-Spencer map T0S → ⊕n∈NT
1
X(−nR
∗) is bijective.
(2) The obstruction map of f is injective.
For definitions of the Kodaira-Spencer (resp. obstruction) map we refer the reader to Section 4 and
[11, Definition 10.2.17] (resp. Section 5 and [10, Section 4] and [1, Section 7]).
Remark 3.2. Note that by [10, Section 4] the above definition implies that every other deformation
f ′ : X ′ → S ′, whose Kodaira-Spencer map has its image in ⊕n∈NT
1
X(−nR
∗), can be induced via base
change from a map ϕ : S ′ → S . The map ϕ is not uniquely determined but its induced map on the
tangent spaces T0S
′ → T0S is.
3.1. Two-dimensional case. Let P = [0,m] ⊂ R be an interval of lattice length m. The deformation
theory of XP is very well known since
XP = SpecC[S] ∼= SpecC[x, y, z]/(xy − z
m)
is a hypersurface. Taking m − 1 new variables w2, w3, ..., wm, the miniversal deformation of XP is
given by
(12) X := SpecC[x, y, z, w2, w3, ..., wm]/(xy − z
n −
m∑
j=2
wjz
m−j)→ SpecC[w2, w3, ..., wm].
Using notation of Section 2 we see that the Hilbert basis of S is {(−1,m), (1, 0), (0, 1)}. Denoting
x := χ(−1,m), y := χ(1,0) and z := χ(0,1) we get the relation xy − zm = 0.
Moreover, we have T˜ = 〈mt〉 where t := td is corresponding to the only edge d = P of length
m. We see that η˜(−1) = mt and η˜(1) = 0. Thus the generators of S˜ are (0,mt), (−1,mt), (1, 0),
which yields the relation χ(−1,mt) · χ(1,0) = χ(0,mt). In Remark 3.3 we will see how we can obtain the
miniversal deformation described in (12) using this notation.
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3.2. General case. Let XP be a Gorenstein toric variety. Recall the surjection described in (10). The
elements ui map to t˜i = liti = ℓ(d
i)ti, which are the generators of T˜ . For i = 1, ..., n we introduce
new variables uij , j = 1, ..., li − 1 and define uili := ui. Let
ANC := SpecC[uij | i ∈ {1, ..., n}, (i, j) ∈ {(i, 1), ..., (i, li − 1)}],
where N =
∑n
i=1(li − 1). We have the diagram
X = SpecC[S] ANC × SpecC[S˜]
A1C = SpecC[t] A
N
C × SpecC[T˜ ],
ι˜
π1 π˜1
ι
where ι is defined by the map uij 7→ t
j . In particular ui 7→ t
li . The map ι˜ is defined by the map
uij 7→ x
jR∗ and xi 7→ xi, i = 1, ..., r. The map π1 is defined by the map t 7→ R
∗ and the map π˜1 is
defined by the inclusion map uij 7→ uij .
The map ι defines the degree of uij , which is j. Among the degree 1 variables {u11, ..., un1}we pick
one and denote it by u0. W.l.o.g. we assume u0 := u11 and for each i = 1, ..., n let
(13) Tij := uij − u0ui,j−1, for j = 2, ..., li,
Ti1 := ui1 − u0.
Since we assume that u0 = u11 we get T11 = 0. With the above notation we can write
(14) ui = u
li
0 +
li∑
j=1
Tiju
li−j
0 .
We explain why we choose this notation in Remark 3.3.
Let C[T] := C[Tij | i ∈ {1, ..., n}, (i, j) ∈ {(i, 1), ..., (i, li)}] and consider the following diagram
(15).
(15) X 

//
π1

X˜ 

//
π˜1

ANC × SpecC[S˜]
π˜1

A1C


//

π−12 (B)


//
π2

ANC × SpecC[T˜ ]


// AN+nC
π2

0 

// B 

// SpecC[T].
The surjective map π2 : A
N+n
C → SpecC[T] is defined by the inclusion
C[T] ⊂ C[u] := C[uij | i ∈ {1, ..., n}, (i, j) ∈ {(i, 1), ..., (i, li)}].
We define B to be amaximal subscheme in SpecC[T] such that π−12 (B) is contained inA
N
C×SpecC[T˜ ].
Defining X˜ := π˜−11 (π
−1
2 (B)) we see that
(16) X˜
π2◦π˜1−−−→ B
8 MATEJ FILIP
is a deformation of X since both π˜1 and π2 are flat maps. Indeed, π2 is obviously flat and π˜1 is flat
since (T˜ , S˜) is a free pair from which it follows that C[S˜] is a free C[T˜ ]-module.
Remark 3.3. In the two-dimensional case, cf. Subsection 3.1, we see that the procedure described
in this subsection yields X˜ ∼= SpecC[x, y, z, T12, T13, ..., T1m]/(xy − z
m −
∑m
j=2 T1jz
m−j), since
T11 = 0. We get the miniversal deformation from (12) by inserting T1j = wj for j = 2, ..., n. Note that
this also give us an idea in the general case, cf. (14). In the upcoming sections we will show that this
choice was indeed natural.
3.3. The dimension of B. For an integer z ∈ Z we define
z+ :=
{
z if z ≥ 0
0 otherwise,
z− :=
{
−z if z ≤ 0
0 otherwise.
Let us consider the ideal I
T˜
:= ker(C[u1, ..., un] −→ T˜ ). It is clear that
(17) I
T˜
=
( n∏
i=1
u
d
+
i
li
i −
n∏
i=1
u
d
−
i
li
i | d ∈ T
∗
Z (P ) ∩ T (P )
⊥
)
⊂ C[u1, ..., un]
with
(18) T (P )⊥ = SpanR
{(
δǫ(d
1)〈d1, c〉, ..., δǫ(d
n)〈dn, c〉
)
; c ∈MR, ǫ a 2-face in P
}
.
The equations of B are obtained as follows: let d ∈ T ∗Z (P )∩T (P )
⊥ (as in the equation (17)) and let
pd(u1, ..., un) :=
n∏
i=1
u
d
+
i
li
i −
n∏
i=1
u
d
−
i
li
i ∈ IT˜ ⊂ C[u1, ..., un].
We insert ui = u
li
0 +
∑li
j=1 Tiju
li−j
0 , cf. (14), into pd(u1, ..., un) for i = 1, ..., n. Since pd(u1, ..., un)
is homogenous (say of degree gd ∈ N) we can write in a unique way
(19) pd(u1, ..., un) =
gd∑
i=1
p
(i)
d (T)u
gd−i
0 ,
where p
(i)
d (T) ∈ C[T] are homogenous of degree i. Immediately we see that p
(gd)
d (T) = 0 and that
p
(i)
d (c) ∈ (T), where (T) stands for the ideal generated by Tij , i.e. (T) = (T11, ..., T1l1 , ..., Tn1, ..., Tnln ).
By definition of B given below the diagram (15) we see that the ideal IB of B ⊂ Speck[T] is generated
by the polynomials p
(i)
d (T) appearing in (19) for all d ∈ T
∗
Z (P )∩T (P )
⊥. In particular, we see that IB
is a homogenous ideal and the tangent space T0B of B ⊂ Speck[T] at 0 is
(20){
(T11, ..., T1l1 , ..., Tn1, ..., Tnln) ∈ C
N+n | T11 = 0,
∑
di;li≥k
δǫ(d
i)
li
diTik = 0, for each k ∈ N and 2-face ǫ
}
.
Proposition 3.4. dimC T0B = dimC⊕n∈NT
1
X(−nR
∗).
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Proof. For a natural number k ≥ 2 let us denote
(21)
T0B(k) := {(T1k, ..., Tnk) ∈ C
n | Tik = 0 if li < k,
∑
di;li≥k
δǫ(d
i)
li
diTik = 0, for each 2-face ǫ}.
Clearly, dimC T0B(k) = dimC Vk − 1 = dimC T
1
X(−kR
∗), see Proposition 2.1. Set
T0B(1) := {(T11, ..., Tn1) ∈ C
n | T11 = 0,
∑
di
δǫ(d
i)
li
diTi1 = 0, for each 2-face ǫ},
which gives us dimC T0B(1) = dimC V1 − 1 = dimT
1
X(−R
∗). From the equation (20) the proof
follows. 
Example 3.5. Consider the polytope P = conv{(0, 0), (2, 0), (2, 2), (1, 2), (0, 2)}, where conv de-
notes the convex hull. We have two non-trivial lattice Minkowski decompositions of P .
+ + = =d3
d2 d1
d5
d4
+ +
By Proposition 2.1 we see that
dimC T
1
X(−R
∗) = 2, dimC T
1
X(−2R
∗) = 1, dimC T
1
X(−kR
∗) = 0, for k ≥ 3.
We denote
d1 = (−1, 1), d2 = (−1,−1), d3 = (0,−2), d4 = (2, 0), d5 = (0, 2).
As in Subsection 3.2 we denote u0 = u1 = u11. The ideal IT˜ defined in (17) is in this case generated
by
I
T˜
= 〈u4 − u1u2, u5u1 − u2u3〉.
The two generators are obtained from(
〈d1, (1, 0)〉, ..., 〈d5 , (1, 0)〉
)
,
(
〈d1, (0, 1)〉, ..., 〈d5 , (0, 1)〉
)
∈ T ∗Z (P ) ∩ T (P )
⊥.
After inserting (14) into the two generators of I
T˜
we get(
u20 + T42 + u0T41
)
− u0
(
u0 + T21
)
= u0
(
T41 − T21
)
+ T42,(
u20 + T52 + u0T51
)
u0 − (u0 + T21)
(
u20 + T32 + u0T31
)
=
= u20
(
T51 − T21 − T31
)
+ u0
(
T52 − T32 − T21T31
)
− T21T32.
Thus the ideal IB of B ⊂ SpecC[T21, T31, T32, T41, T42, T51, T52] is given by
(22) IB = (T41 − T21, T42, T51 − T21 − T31, T52 − T32 − T21T31, T21T32),
from which we see that
(23) B ∼= SpecC[T21, T31, T32]/(T21T32).
The two irreducible components given by T21 = 0 and T32 = 0 correspond to the two Minkowski
decompositions of P above as we will see in Section 7.
10 MATEJ FILIP
4. THE KODAIRA-SPENCER MAP
Recall that IB is the ideal of B ⊂ Spec[T] and recall the surjection (9), where t is mapped to x
R∗ .
Moreover, recall Fk(x,u) = Fk(x, u1, ..., un) from (11). We write
Fk(x, t,T) := Fk
(
x, tl1 +
l1∑
j=1
tl1−jT1j , ..., t
ln +
ln∑
j=1
tln−jTnj
)
,
i.e. in Fk(x,u) we insert ui = t
li +
∑li
j=1 t
li−jTij , which is the equation (14) with t = u0. Our flat
family (16) corresponds to the flat C[T]upslopeIB
-module C[x, t,T]upslope(IB, Fk(x, t,T) | k ∈ N
r).
In the following we will compute the Kodaira-Spencer map of this flat family. Let
t = (t11, ..., t1l1 , ...., tn1, ..., tnln) ⊂ C
N+n
be an element of T0B ⊂ C
N+n, cf. (20). It induces the flat C[ǫ]/ǫ2-module
(24) C[S]t :=
C[x, t, ǫ]upslope(ǫ2, Fk(x, t, ǫt) | k ∈ N
r),
where
(25) Fk(x, t, ǫt) = x
k − x∂(k)
n∏
i=1
(
tli +
li∑
j=1
tli−jǫtij
) λ˜i(k)
li ,
with λ˜i(k) defined in (7).
Let us write A := C[S] and recall the surjective map C[x1, ..., xr, t] ։ A with the kernel IX . The
following exact sequence is well known:
0→ Derk(A,A)→ A
r+1 → HomA(IXupslopeI2X
, A)
ψ
−→ T 1X(A)→ 0.
From (24) we will now construct the associated element in HomA(IXupslopeI2X
, A), which is the most im-
portant step for constructing the Kodaira-Spencer map, see e.g. [11, Definition 10.2.17]. By (25) we
get that
Fk(x, t, ǫt) = x
k − x∂(k)
(
t
∑n
i=1 λ˜i(k) + ǫ
n∑
i=1
li∑
j=1
λ˜i(k)
li
· tij · t
(
∑n
i=1 λ˜i(k))−j
)
∈ C[x, t, ǫ]/(ǫ2).
Since λ(k) =
∑n
i=1 λ˜i(k) by (8) we see that
Fk(x, t, ǫt) = fk(t,x) + ǫ
n∑
i=1
li∑
j=1
λ˜i(k)
li
tij · x
∂(k)tλ(k)−j ∈ C[x, t, ǫ]/(ǫ2).
Thus the Kodaira-Spencer map is given by
T0B
ϕ
−→ HomA(IXupslopeI2X
, A)
ψ
−→ T 1X(A),
where ϕ(t) =
(
fk 7→
∑n
i=1
∑li
j=1 λ˜i(k)tij · x
∂(k)tλ(k)−j ∈ A
)
.
Let us now look which elements t ∈ T0B map via ψ ◦ ϕ to T
1
X(−kR
∗) ⊂ T 1X . For those elements it
holds that the exponent of t in ϕ(t) is equal to λ(k)−k. This means that T0B(k) surjects to T
1
X(−kR
∗)
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for all k ∈ N and since T0B(k) and T
1
X(−kR
∗) have the same dimension, cf. Proposition 3.4, we prove
the following theorem.
Theorem 4.1. The Kodaira-Spencer map T0B → ⊕k∈NT
1
X(−kR
∗) of the flat family (16) is bijective.
5. THE OBSTRUCTION MAP
Let us pick a basis Tb ⊂ T of T0B and an ideal Ib ∈ C[Tb] such that
(26) B = Speck[T]/IB ∼= SpecC[Tb]/Ib.
Example 5.1. In Example 3.5, cf. (23), we pick Tb = {T21, T31, T32} and Ib = (T21T32).
We consider the ideal Jb := Ib · (Tb), where (Tb) stands for the ideal generated by those Tij that
appears in Tb. In the obstruction theory the vector space W := Wb := Ib/Jb is important, see [11,
Section 4]. Clearly the vector space W is independent of the choice of the basis Tb (a different choice
of the basis Tb provides the vector spaceWb that is isomorphic toW ).
We have a natural N-grading on W given by the degrees of the homogenous polynomials and thus
we writeW = ⊕k∈NWk. The obstruction map of the flat family (16) is an element of
⊕k∈N
(
T 2X(−kR
∗)⊗CWk
)
,
see [1, Section 7] and [11, Section 4] for details. The description of this obstruction map is very similar
as in [1, Section 7] or [6, Section 7.3] which we will see in Proposition 5.4 below. Since the techniques
for proving this are the same as in the previously mentioned papers [6, Section 7.3] and [1, Section
7.1], we only state the results that we will use in the upcoming section to prove the injectivity of the
obstruction map.
The following definitions already appeared in [1, Section 6]. Recall the Hilbert basis E of S =
σ∨ ∩ (M ⊕ Z) from the equation (2) and for R ∈M ⊕ Z we consider
ERai := E
R
i := {e ∈ E | 〈a
i, e〉 < 〈ai, R〉}.
For a subface τ of σ (denoted τ ≤ σ) let ERτ := ∩ai∈τE
R
i . The Z-module of all linear relations among
elements in ERτ we denote by L(E
R
τ ).
Proposition 5.2.
(27) T 2X(−R)
∗ ∼=
(
ker
(
⊕i LC(E
R
i )→ LC(E)
)
image
(
⊕〈ai,ak〉≤σ LC(E
R
i ∩ E
R
k )→ ⊕iLC(E
R
i )
)).
Proof. See [3, Propositions 5.4, 5.5]. 
For a closed path µ along the edges of P and c ∈M we denote
d(µ, c) := (〈µ1d
1, c〉, ..., 〈µnd
n, c〉) ∈ T ∗Z (P ) ∩ T
⊥(P ),
with T ⊥(P ) defined in (18) and thus pd(µ,c)(u) ∈ IT˜ . We use the following notation:
(28) p(µ, c) := pd(µ,c)(u) ∈ IT˜ ⊂ C[u].
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We fix a map h : C[T]→ C[Tb] that induces an isomorphism h¯ : C[T]/IB → C[Tb]/Ib, cf. (26). For
p
(k)
d(µ,c)(T) ∈ IB ⊂ C[T] we define
(29) p(k)(µ, c) := h(p
(k)
d(µ,c)(T)) ∈ Ib ⊂ C[Tb].
Recall the paths given in Definition 2.5 and the elements c1, . . . , cr appearing in E from (2). We
define the map
ψ
(k)
i : LC(E
kR∗
ai )→Wk,
q 7→
r∑
j=1
qjp
(k)(λcj(vi)− λ(v(cj)), cj).
Note that the q-coordinate corresponding to R∗, which is an element of EkR
∗
ai
if k ≥ 2, is not used in
the definition of ψ
(k)
i .
Lemma 5.3. Let
e ∈ T ∗Z (P ) ∩ SpanR
{(
δǫ(d
1)〈d1, c〉, ..., δǫ(d
n)〈dn, c〉
)
; c ∈MR, ǫ 2-face in P
}
,
which means that e lies in the same space as d from the equation (17). It holds that
(30) p
(k)
d+e(Tb) = p
(k)
d (Tb) + p
(k)
e (Tb) ∈Wk.
Proof. Straightforward computation shows that
1
2
pd(u)
( n∏
i=1
u
d
+
i
li
i +
n∏
i=1
u
d
−
i
li
i
)
+
1
2
pe(u)
( n∏
i=1
u
e
+
i
li
i +
n∏
i=1
u
e
−
i
li
i
)
=
n∏
i=1
u
d
+
i
li
i
n∏
i=1
u
e
+
i
li
i −
n∏
i=1
u
d
−
i
li
i
n∏
i=1
u
e
−
i
li
i =
pd+e(u)
∏
i∈S1
u
e
−
i
li
i
∏
i∈S2
u
d
−
i
li
i
∏
i∈S3
u
d
+
i
li
i
∏
i∈S4
u
e
+
i
li
i ,
where
S1 = {i ∈ {1, ..., n} | di > 0, ei < 0, di + ei > 0},
S2 = {i ∈ {1, ..., n} | di < 0, ei > 0, di + ei > 0},
S3 = {i ∈ {1, ..., n} | di > 0, ei < 0, di + ei < 0},
S4 = {i ∈ {1, ..., n} | di < 0, ei > 0, di + ei < 0}.
After inserting ui = u
li
0 +
∑li
j=1 Tiju
li−j
0 , cf. (14), we see that inWk the equation (30) holds. 
Proposition 5.4. ψ
(k)
i induce the linear map ψ
(k) : T 2X(−kR
∗)∗ →Wk and the map
ψ =
∑
k∈N
ψ(k) : ⊕k∈NT
2
X(−kR
∗)∗ →W
is the adjoint of the obstruction map of the flat family (16).
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Proof. The idea of the proof is similar to [1, Lemma 7.7]. Let ρij denote the path consisting of the
single edge running from vi to vj . For q ∈ L(EkR
∗
ai
∩ EkR
∗
aj
) we see by Lemma 5.3 that
ψ
(k)
i (q)− ψ
(k)
j (q) =
r∑
l=1
qlp
(k)(λ(ai)− λ(aj) + ρij , cl) +
r∑
l=1
qlp
(k)(µcl(ai)− µcl(aj)− ρij , cl).
We want to show that the above expression is equal to 0. The first sum is zero by Lemma 5.3 using∑r
l=1 qlcl = 0. For the second sum we observe that for q ∈ L(E
kR∗
ai
∩ EkR
∗
aj
) the following holds:
if ql 6= 0, then (cl, η(cl)) ∈ E satisfies 〈(cl, η(cl)), a
i〉 < 〈kR∗, ai〉 = k, from which it follows,
using ai = (vi, 1), that 〈cl, vi〉 − 〈cl, v(cl)〉 < k and similarly we see that 〈cl, vj〉 − 〈cl, v(cl)〉 < k.
From this it follows that the degree of p(µcl(ai) − µcl(aj) − ρij , cl) is strictly smaller than k and
thus p(k)(µcl(ai) − µcl(aj) − ρij, cl) = 0, which concludes the proof that ψ
(k)
i induce the linear map
ψ(k) : T 2X(−kR
∗)∗ →Wk.
The proof that ψ is the adjoint of the obstruction map is similar to [6, Proposition 7.6] or [1, Propo-
sition 7.8] so we omit the proof. 
6. INJECTIVITY OF THE OBSTRUCTION MAP
In this section we prove the surjectivity of the map ψ, which is the adjoint of the obstruction map
and thus we prove that the obstruction map is injective. The idea of the proof is new, with the previous
techniques we were not able to obtain the injectivity of the obstruction map in the degree −R∗ if P has
at least one edge of lattice length ≥ 2, cf. [6, Example 6.5, Remark 7.9].
6.1. Three-dimensional case. A polygon P induces a three-dimensional Gorenstein toric variety XP
whose cone σ = cone(P ) has cyclically ordered generators a1, ..., an, an+1 := a1 with ai = (vi, 1) ∈
N ⊕ Z. Denoting di := vi+1 − vi gives us
∑n
i=1 d
i = 0. In this case we have the following formula
for T 2X : for R ∈M we denote K
R
ai
:= KRi := {r ∈ S | 〈a
i, r〉 < 〈ai, R〉} and KRi,i+1 := K
R
ai
∩KR
ai+1
.
It holds that
(31) T 2X(−R)
∗ ∼=
⋂
i
(SpanCK
R
i,i+1)/SpanC(
⋂
i
KRi,i+1),
which was proven in [3, Corollary 5.4].
Let ϕ :=
∑
k∈N ϕ
(k), where
ϕ(k) :
(⋂
i
(SpanZK
kR∗
i,i+1)/SpanZ(
⋂
i
KkR
∗
i,i+1)
)
→Wk
(c,m) ∈M ⊕ Z 7→ p(k)(c) := p(k)(1, c).
Note that we have already oriented P , which is a 2-face, and thus we can simply take µ := 1. Let us
check that the map ϕ(k) is well defined: we need to show that
(32) ϕ(k)(c) = 0 ∈Wk for c ∈
⋂
i
KkR
∗
i,i+1.
For c ∈M we denote
(33) d(c) := max{〈vi, c〉 | i = 1, ..., n} −min{〈vi, c〉 | i = 1, ..., n}.
14 MATEJ FILIP
Let us define p(c) := p(1, c) ∈ I
T˜
. We immediately see that the degree of the homogenous polynomial
p(c) is equal to d(c). Thus (32) follows from the following lemma.
Lemma 6.1. There exists m ∈ Z such that (c,m) ∈
⋂
iK
kR∗
i,i+1 if and only if d(c) ≤ k − 1.
Proof. It follows immediately by definitions: note that ai = (vi, 1) and that r ∈
⋂
iK
kR∗
i,i+1 =
⋂
iK
kR∗
ai
if and only if 0 ≤ 〈ai, r〉 ≤ k − 1 for every i = 1, ..., n. 
Corollary 6.2. The map ϕ is well defined.
Proposition 6.3. C-linear extension of ϕ equals the map ψ from Proposition 5.4.
Proof. Let us connect the two descriptions of T 2X(−kR
∗)∗ given in (31) and (27). Starting from c ∈⋂
i(SpanZK
kR∗
i,i+1) we obtain the corresponding element
L(c) ∈ ker
(
⊕i LC(E
kR∗
i )→ LC(E)
)
as follows: we can write
(34) c =
r∑
j=1
qi,jcj + qi(0, 1),
where qi,j 6= 0 implies that (cj , η(cj)) ∈ E
kR∗
di
:= EkR
∗
ai
∩ EkR
∗
ai+1
. Let
L(c)i :=
∑
j
(qi,j − qi−1,j)(cj , η(cj)) + (qi − qi−1)(0, 1) = 0
be an element in L(EkR
∗
i ), which defines L(c) :=
∑
i L(c)i ∈ ⊕iL(E
kR∗
i ). The element L(c) clearly
lies in the kernel of the map ⊕iL(E
kR∗
i ) → L(E) since this map sums the given summands. Thus we
can easily see that the map
⋂
i(SpanZ K
kR∗
i,i+1)
SpanZ(
⋂
iK
kR∗
i,i+1)
→
ker
(
⊕iL(E
kR∗
i )→L(E)
)
Image
(
⊕iL(EkR
∗
i
∩EkR
∗
i+1 )→⊕iL(E
kR∗
i
)
)
c 7→ L(c)
is an isomorphism of Z-modules.
To finish the proof we need to show that ψ(k)(L(c)) = ϕ(k)(c) = p(k)(c), which means that we need
to show that
n∑
i=1
r∑
j=1
(qi,j − qi−1,j)p
(k)(λcj(vi)− λ(v(cj)), cj) = p
(k)(c).
Using Lemma 5.3 this is a straightforward check, see also [1, Section 7.9 (iii)]. 
Lemma 6.4. For an edge di = vi+1 − vi it holds that
(35) c ∈ (di)⊥
if and only if there exists m ∈ N such that
(36) (c,m) ∈ (ai)⊥ ∩ (ai+1)⊥
Proof. Recall that ai = (vi, 1) ∈ N ⊕ Z and thus (36) follows from (35) by picking m := −〈c, vi〉 =
−〈c, vi+1〉. From (36) it follows that 〈c, vi〉 = 〈c, vi+1〉, from which (35) follows. 
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Proposition 6.5. ψ is surjective in the three-dimensional case.
Proof. By Proposition 6.3 and the definition of ϕ it is enough to show that if
(37) for each n ∈ Z it holds that (c, n) 6∈
⋂
i
SpanZK
kR∗
i,i+1,
then p(k)(c) = 0 ∈Wk. For k ≥ 2 we immediately see that
(38) SpanZK
kR∗
i,i+1
∼=
{
SpanZ
(
(M ⊕ Z) ∩ (ai)⊥ ∩ (ai+1)⊥, R∗
)
if ℓ(di) ≥ k
M ⊕ Z if ℓ(di) < k.
Let m be a maximal number of linearly independent edges of P that have lattice length ≥ k and let
dν1 , ..., dνm be those edges. Since P is a polygon we havem ∈ {0, 1, 2}. We define the index set
Ik := {i ∈ {1, ..., n} | ℓ(d
i) ≥ k, i 6∈ {ν1, ..., νm}}.
Note that {Tik | i ∈ Ik} is a basis of T0B(k) ∼= T
1
X(−kR
∗), cf. (21). We fix a basis
Tb := ∪k∈N{Tik | i ∈ Ik} ⊂ T
of T0B ∼= ⊕k∈NT
1
X(−kR
∗).
For c 6= 0 we see by Lemma 6.4 and (38) that if (37) holds, then c 6∈ (dν1)⊥ ∩ · · · ∩ (dνm)⊥. Thus
〈c, dνi〉 6= 0 for some i ∈ {1, ...,m}, from which it follows that p(k)(c) = 0 ∈Wk since the coefficient
in front of Tνik in p
(k)
d(1,c)(T) is non-zero and Tνik 6∈ Tb. 
Corollary 6.6. The obstruction map of the flat family (16) is injective in the three-dimensional case.
Corollary 6.7. The flat family (16) is miniversal in the three-dimensional case.
6.2. Equations of the miniversal base space in the three-dimensional case. In this subsection we
compute dimC T
2
X(−kR
∗) and analyse the minimal equations of the miniversal base space B in the
three-dimensional case. The results of this subsection will not be used later.
Recall d(c) from (33).
Definition 6.8. Let n1 := min{d(c) | c ∈M \ 0} and
n2 := min{max{d(c), d(c
′)} | c, c′ ∈M \ 0 linearly independent}.
We define ℓ1 := max{ℓ(d
i) | i = 1, ..., n} to be the maximum length of edges and let
ℓ2 := max{min{ℓ(d
i), ℓ(dj)} | di, dj linearly independent}.
We have n1 ≤ n2 and ℓ1 ≥ ℓ2.
Proposition 6.9. It holds that
dimC T
2
X(−kR
∗) =

1 if ℓ2 < k ≤ ℓ1 and k ≤ n1
1 if k > ℓ1 and n1 < k ≤ n2
2 if k > ℓ1 and k ≤ n1
0 otherwise.
Proof. It follows immediately from (31), Lemma 6.1 and (38). 
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We pick two edges di1 and di2 that have lattice length ℓ1 and ℓ2, respectively. We then choose Tb :=
T \ {Ti1k, Ti2k | k ∈ N} for the basis of T0B
∼= ⊕k∈NT
1
X(−kR
∗). Since B is the miniversal base space
we know that the minimal number of degree k equations of B is less or equal than dimC T
2
X(−kR
∗), cf.
[10, Section 4]. By a minimal number of degree k equations we mean the minimal number of degree k
generators of the homogenous ideal Ib.
Example 6.10. In Example 3.5 we pick di1 = d5 and di2 = d4 (ℓ1 = ℓ2 = 2 and n1 = 2, n2 = 3
in this case). Thus we have Tb = {T21, T31, T32} and Ib = (T21T32). By Proposition 6.9 we see that
dimC T
2
X(−3R
∗) = 1 and dimC T
2
X(−kR
∗) = 0 for k 6= 3. We indeed have one generator of Ib that is
of degree 3: it is equal to T21T32 (deg T21 = 1 and deg T32 = 2), cf. (23).
Remark 6.11. In this remark we sketch the proof that the number of degree k equations of B is indeed
less or equal than dimC T
2
X(−kR
∗). Let us fix two linearly independent vectors b1, b2 ∈M ∼= Z
2 such
that d(b1) = n1 and d(b2) = n2. We know that IB = (p
(k)
d(1,c)(T) | k ∈ N, c ∈ M). From the equality
appearing in Lemma 5.3 we can see that only two linearly independent elements M ∼= Z2 are enough
to generate this ideal and thus
IB =
(
p
(k)
d(1,b1)
(T), p
(k)
d(1,b2)
(T) | k ∈ N
)
⊂ C[T], for k ∈ N.
Since we pick b1, b2 ∈ M ∼= Z
2 such that d(b1) = n1 and d(b2) = n2 we can easily see that our claim
on the minimal number of equations of B follows.
6.3. Higher-dimensional case. Recall the notation p(k)(µ, c) ∈ Ib from (29). Note that by the con-
struction the polynomials p(k)(µ, c) are generating Ib for all k ∈ N, closed paths µ and c ∈M .
Proposition 6.12. For k ∈ N and a closed path µ let
c ∈
⋂
di;ℓ(di)≥k,µi 6=0
(di)⊥,
where the intersection is taken over those edges of lattice length ≥ k that lie on the path µ. It holds that
p(k)(µ, c) is in the image of the map ψ(k) from Proposition 5.4. Moreover, if
c 6∈
⋂
di;ℓ(di)≥k,µi 6=0
(di)⊥,
then p(k)(µ, c) = 0 ∈Wk. In particular, the map ψ is surjective.
Proof. If c ∈
⋂
di;ℓ(di)≥k,µi 6=0
(di)⊥, we can write
c =
r∑
j=1
qi,jcj + qi(0, 1),
where qi,j 6= 0 implies that (cj , η(cj)) ∈ E
kR∗
di
(as in (34)). Then the same procedure as in Subsection
6.1 implies that p(k)(µ, c) is in the image of ψ(k).
Fix a basis Tb ⊂ T of T0B. If
c 6∈
⋂
di;ℓ(di)≥k,µi 6=0
(di)⊥,
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then denote by dν1 , ..., dνm linearly independent edges of lattice length ≥ k such that Tν1k, ..., Tνmk 6∈
Tb and that they lie on the path µ, i.e. µνi 6= 0 for i = 1, ...,m. Clearly such edges of P exist by
definition of Tb. By our assumption, there exists d
νi such that 〈c, dνi〉 6= 0. Thus p(k)(µ, c) = 0 ∈ Wk
since the coefficient in front of Tνik in p
(k)
d(µ,c)(T) is non-zero. 
Corollary 6.13. The obstruction map is injective since ψ is its adjoint map.
7. REDUCED MINIVERSAL BASE SPACE AND MINKOWSKI DECOMPOSITIONS OF P
By construction it is natural to expect that the irreducible components of the reduced base space Bred
correspond to maximal Minkowski decompositions of P .
The computations are straightforward so we omit some computations and only give the main ideas
and compute some examples. For each Minkowski decomposition P = P0 + · · · + Pm we first define
the map
(39) f : C[u1, ..., un]/IT˜ → C[K0, ...,Km]
in the following way. The Minkowski decomposition induces the decomposition of each edge: ℓ(di) =
li =
∑m
k=0 nik, where nik ∈ N is the length of the part of the edge d
i that lies in Pk. We define
ui
f
−→
m∏
k=0
Knikk ,
for which it holds that f(I
T˜
) = 0 and thus f is well defined.
Recall that IB is the ideal of B ⊂ Spec[T] and let pik ∈ {0, 1, ..., nik}. We define the map
g : C[T]/IB → C[Ki −Kj | i, j ∈ {0, 1, ...,m}] by
(40) Tij
g
−→
∑
pik;
∑m
k=0 pik=j
(
ni0
pi0
)
· · ·
(
nim
pim
)
(K0 − f(u0))
pi0 · · · (Km − f(u0))
pim ,
see also Example 7.2. We need to show that g is well defined: it is enough to show that
(41) f(ui) = f(u0)
li +
li∑
j=1
f(u0)
li−jg(Tij).
The monomial f(ui) =
∏m
k=0K
nik
k appears on the right hand side of (41) if we pick pik = nik for all
k = 0, ...,m. We need to show that everything else sums to zero. First, observe that∑
pik;
∑m
k=0 pik=j
(
ni0
pi0
)
· · ·
(
nim
pim
)
=
(
li
j
)
.
Next, we observe that
f(u0)
li +
li∑
j=1
f(u0)
li−j
(
li
j
)
(−f(u0))
j = 0
and similarly we check that the other terms also sums in zero, which proves (41). Thus g is well defined
and this map also establish the correspondence between the maximal Minkowski decompositions of P
and the irreducible components of Bred.
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Remark 7.1. By [2] we know that the Minkowski decomposition P = P0 + · · · + Pm induces m-
parameter flat family M → SpecC[Ki − Kj | i, j ∈ {0, 1, ...,m}]. This family is induced via base
change from our miniversal deformation X˜ → B using the map g.
Example 7.2. Let us verify that the maps f and g are well defined for the following decomposition, cf.
Example 3.5.
=d3
d2 d1
d5
d4
+ +
The map f is described by:
u1 7→ K0, u2 7→ K1, u3 7→ K0K2, u4 7→ K0K1, u5 7→ K1K2.
Let us check that f(I
T˜
) = 0:
u4 − u1u2 7→ K0K1 −K0K1 = 0, u5u1 − u2u3 7→ (K1K2)K0 −K1(K0K2) = 0.
We choose u0 = u11 = u1 as usual. We know that f(u1) = K0 and thus the map g is equal to the
following (see (40)):
T11 7→ K0−f(u1) = 0, T21 7→ K1−K0, T31 7→ (K0−f(u1))+(K2−f(u1)) = K2−K0, T32 7→ 0,
T41 7→ K1 −K0, T42 7→ 0, T51 7→ (K1 −K0) + (K2 −K0), T52 7→ (K1 −K0)(K2 −K0).
We need to show that g is well defined, which means that the equations of B in (22) needs to be 0 after
mapping T→ K:
T41 − T21 7→ (K0 −K1)− (K0 −K1) = 0,
T42 7→ 0,
T51 − T21 − T31 7→ (K1 −K0) + (K2 −K0)− (K1 −K0)− (K2 −K0) = 0,
T52 − T32 − T21T31 7→ (K1 −K0)(K2 −K0)− 0− (K1 −K0)(K2 −K0) = 0,
T21T32 7→ 0.
Let us consider the other Minkowski decomposition:
+ + = d3
d2 d1
d5
d4
The map f is in this case equal to the following:
u1 7→ K0, u2 7→ K0, u3 7→ K1K2, u4 7→ K
2
0 , u5 7→ K1K2.
Let us check that f(I
T˜
) = 0:
u4 − u1u2 7→ K
2
0 −K0K0 = 0, u5u1 − u2u3 7→ (K1K2)K0 −K0(K1K2) = 0.
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The map g is in this case equal to the following:
T11 7→ 0, T21 7→ 0, T31 7→ (K1 −K0) + (K2 −K0), T32 7→ (K1 −K0)(K2 −K0),
T41 7→ 0, T42 7→ 0, T51 7→ (K1 −K0) + (K2 −K0), T52 7→ (K1 −K0)(K2 −K0)
and as above we can check that g is well defined.
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